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The Fifth Clemson mini-Conference

ON[R]

Discrete Mathematics

Clemson, South Carolina
October 11-12, 1990

Schedule of talks
(All talks given in Student Senate Chambers)

Thursday, October 11

11:00 - 12 noon Registration

1:00 - 1:10 Welcoming Remarks by Dr. Bobby Wixson,
Dean of College of Sciences

1:10 - 1:50 Prof. Richard A. Duke, Department of Mathematics
Georgia Tech.

"The Erd6s-Ko-Rado Theorem for Small Families"

Let X be a set of size n, T a family of m k-element subsets of X, k < n/2, and T -
a subfamily of 7 with the property that I F, A F2 1 a t for each choice of F,
and F2 in T . It follows immediately from the well-known Erd6s-Ko-Rado

Theorem that for m near (n ) and n sufficiently large the maximum size of 7
in this case is of order (k/n)tm.

In general let f,(n,k,m) be the minimum of max( 1I 1: 7'! 7', 1F, n F2 1 > t for
each F1 and F2 inOr , over all families T of k-element subsets of X,

I Or I = m, IXI = n. Then for n large and m near (n ) we have ft(nkm) -

(k/n)lm. In joint work with V. R6dl we investigate this function for small m.
*1

We show, for example, that if k:= cn, 0 < c < i, and m n, then f2(n,k,m) - cn =

(k/n)m (instead of (k/n)2m as might be expected). Our proof makes use of the
Regularity Lemma of Szemer6di. Taking Or to be the collection of lines of a
finite protective plane shows that k = cn cannot be replaced by k = n in this
result. In fact, we show that cn cannot be replaced by -5n In (n). The case of m

1
= n and k = n1 , 0 < e , remains open.
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2:10 - 2:50 Prof. Margaret B. Cozzen6, Department of Mathematics
Northeastern University

"Critical m-nelghbor-connected Graphs"

Let G be a graph and u be a vertex in G. The closed neighborhood of u is N[u] =
(u) U N(u). A vertex u is subverted when N[uI is deleted from G. If S is a
subset of vertices of G, then G/S denotes G - {N[u]: u e S). S is called a cut-
strategy of G if G/S is disconnected, or a clique, or the empty set. We define
the neighborhood-connectivity, K(G), to be the minimum size of all cut-
strategies S of G. A graph G is said to be m-neighbor-connected if
K(G) = m, and critically m-neighbor connected if K(G) = m and for any vertex v,
K(G/(vl) = m - 1. Gunther in 197S and 1985 modeled the reliability of a spy
network using the neighbor-connectivity of a graph.

A graph G is a minimum critically m-neighbor-connected graph if no critically
m-neighbor-connected graph with the same number of vertices has fewer edges
than G. Cozzens and Wu give upper bounds on the minimum size of the
critically m-nieghbor-connected graphs of fixed order v and show that the
number of edges ini a minimum critically m-neighbor-connected graph with order

v, wherev isa multiple of m, is [--], hence such a graph is always m-

regular.

Examples of m-neighbor connected graphs and methods of constructing m-
neighbor-connected graphs will be given in this talk. Insight into the structure
of this class of graphs will be provided. There are many open problems
relating the parameter K to other parameters of connectedness, and
domination. These will be discussed.

3:10 - 3:50 Prof. Douglas R. Shier, Department of Mathematics

College of William and Mary

"Cancellation and Consecutive Sets"

The principle of inclusion and exclusion has been applied to numerous areas of
discrete mathematics. One manifestation of this principle occurs in expressing
the probability of the union of events in terms of the alternating sum of
probabilities of intersections of events. If the events themselves are
sufficiently well structured, then predictable cancellation occurs in this
expansion. This talk discusses the special case of "consecutive sets," in which
elements occur consecutively in every set. For such sets the inclusion-exclusion
expansion assumes a particularly nice form, with all reduced coefficients being
±1. In fact the appropriate sign is determined by the length of a certain path
in a graph derived from the incidence structure of the given sets.
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4:10 - 4:50 Prof. Richard H. Schelp, Department of Mathematical Sciences
Memphis State University

Andrew Sobczyk Memorial Lecture

"The Local Ramsey Number and Local Colorings"

A local k-coloring of a graph H is a coloring of the edges of H (by any number
of colors) in such a way that the edges incident to each vertex of H are colored

k
with at most k different colors. The local Ramsey number rla(G) is defined as

the smallest positive integer m such that Km contains a monochromatic copy of
G for every local k-coloring of K.. This Ramsey number exists and is at least
as large as the usual Ramsey number rk(G) of G for k colors Results and open
questions will be presented for the local Ramsey number as .vel a- for a
generalization of local k-color~ngs.

7:30 Social, Jordan Room

Friday, October 12

8:00 Coffee and Doughnuts, Student Senate Chambers

8:10 - 8:50 Prof. Pravin Vaidya, Department of Computer Science

University of Illinois

"New algorithms for minimizing convex functions over convex sets"

Let S . R" be a convex set for which there is an oracle with the following
property. Given any point z e R" the oracle returns a "Yes" if z e S; whereas
if z a S then the oracle returns a "No" together with a hyperplane that
separates z from S. The feasibility problem is the problem of finding a point in
S; the convex optimization problem is the problem of minimizing a convex
function over S. We present a new class of algorithms for the feasibility
problem based on enclosing the target set S in a polytope whose volume shrinks
geometrically at each step. A suitable center of the current polytope is used as
a test point at each step. The new algorithms are faster than the previously
best known algorithms by a factor proportional to n. The algorithms for the
feasibility problem easily adapt to the convex optimization problem.
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9:10 - 9:50 Prof. Dijon K. Ray-Chaudhuri, Department of Mathematics
Ohio State University

"Size of an s-Intersection family In a semilattice and construction of
vector space designs by quadratic forms"

Let v, k and s be positive integers, v > k + s. Let X be a v-set and CA be a set of
subsets of X, each subset containing k elements. Ct is called a k-uniform
s-intersection family if and only if I(IAU B i; A, B e ea , A * B)I = s.
Ray-Chaudhuri and Wilson in their 1975 paper proved that if Ct is a k-uniform

s-intersection family of v-set X, then I C1 I (v ). This theorem is generalized
to a class of semilattices called polynomial semilattices which include many
important combinatorial structures. Let V be a v-dimensional vector space over
a finite field of order q and 1" be a family of k-dimensional subspaces of 1.
The pair (V, n) is called a t - [v, k, X, q I design iff every t-dimensional
subspace T of V is contained in exactly X elements B of IS . We construct
several families of vector space designs for t = 2 and 3 by using quadratic forms.

10:10 - 10:50 Prof. Douglas B. West, Department of Mathematics
University of Illinois-Urbana

"A Graph-theoretic Game and Its Aoplicatlon to the k-Server Problem"

We consider a zero-sum game played on the graph between a tree player and
an edge player. The tree player chooses a spanning tree T and the edge player
chooses an edge e. If e lies in T then the payoff to the edge player is zero;
otherwise, the payoff is the length of the unique cycle created when e is a.ldcd
to T. We determine the value of the game for specific classes of graphs and
derive an upper bound on the value for any n-vertex graph. These results yield
new competitive randomized algorithms for the k-server problem on a wide
class of metric spaces. For example, we obtain a 2k-competitive algorithm
(against oblivious adversaries) for the k-server problem on a circle. This is
joint work with Noga Alon and Richard Karp.

11:10 - 11:50 Prof. Michael Langston, Department of Computer Science

University of Tennessee

"Polynomial-Time Algorithms from Finite Basis Theorems - A Survey"

Traditionally, problems have been roughly classified as either "easy" or
"hard", dependent on whether low-degree, polynomial-time, decision
algorithms exist to solve them. Until recently, one could expect any proof of
easiness to be constructive. That is, the proof itself should provide positive
evidence in the form of the promised polynomial-time algorithm.

This appealing picture is dramatically altered, however, by recent
"nonconstructive" developments in the theory of well-partially-ordered sets.
New algorithmic characterizations are now possible that rely on finite but
unknown bases of forbidden subgraphs.

In this talk we will survey some of the main results and open questions related
to this general topic.

LUNCH
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1:30 - 2:10 Prof. Gerd H. Fricke, Department of Mathematics and Statistics
Wright State University

"On the Product of the Independent Domination Numbers of a Graph and
Its Complement"

Let i(G) denote the smallest cardinality of an independent dominating set
(equivalently maximal independent set) of vertices of a graph G. We will

study mii(p) = max i(G)i (G), the maximum value over p vertex graphs of the
product of the independent domination numbers of a graph and its complement.

Recently Cockayne, Favoron, Li, and MacGillivray have shown that i(G)i (C) <

m -8 .8 We will show that mii(p) behaves like 2
S10.8 16

asymptotically by proving the following:

Theorem: Let 0 < k < 16. Then there exists an integer Po such that

i(G)i (G)< for any graph G with IGI = p>Po.

2:20 - 3:00 Prof. Jeremy Spinrad, Department of Computer Science

Vanderbilt University

"Containment of Circular-Arcs"

The neighborhood containment matrix of an n vertex graph is an n by n matrix
M such that M[x,y] = 1 exactly when N(x) - (y) contains N(y) - {x. This talk
presents a method for determining the neighborhood containment matrix of a
circular-arc graph in 0(n2) time. Computing the neighborhood containment
matrix was a bottleneck step, and possibly the only bottleneck step, of Tucker's
recognition algorithm for circular-arc graphs. The techniques for computing
this matrix involve reduction of the problem to containment problems on
chordal bipartite graphs, and using special properties of chordal bipartite
graphs. We also pose several open problems on chordal bipartite graphs.
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3:10 - 3:50 Prof. Stephan Olariu, Department of Computer Science
Old Dominion University

"A Fast Parallel Recognlt!on Algorithm for a Cass of Tree-representable
Graphs"

A number of problems in computational semantics, group-based cooperation,
networking, examination scheduling, to name just a few, suggested the study of
graphs featuring certain "local density" characteristics. Typically, the notion
of local density is equated with the absence of chordless paths of length three
or mire. Recently, a new metric for local density has been proposed, allowing
a number of such induced paths to occur. More precisely, a graphs G is P4-sparse
if no set of five vertices in G induces more than one chordless path of length
three. P4 -sparse graphs generalize the well-known class of cographs
corresponding to a more stringent local density metric. One remarkable feature
of P4 -sparse graphs is that they admit a tree representation unique up to
isomorphism. In this work we present a parallel algorithm to recognize P4-
sparse graphs and show how the data structures returned by the recognition
algorithm can be used to construct the corresponding tree representation. With
a graph G = (V,E) with I VI = n and I EI = m as input, our algorithms run in

/n2 + mn
O(log n) time using O( l-ogn processors in the EREW-PRAM model.

4:00 - 4:40 Prof. Mark Ellingham, Department of Mathematics

Vanderbilt University

"Vertex-switching reconstruction and pseudosimilarlty"

A vericx-switching Gv oi a graph G at a vertex v is obtained by deleting all
edges incident with v, and then adding all possible edges incident with v
which were not in G. A graph is vertex-switching reconstructible if it is
determined by its collection of vertex-switchings. Two vertices u and v of G are
vertex-switching pseudosimilar if they are not similar but Gu and G. are
isomorphic. We talk about some recent advances in the theory of vertex-
switching reconstruciion, ,icluding res-!Is on vc:.--.wit.hig :-construction of
classes of graphs and a characterization of vertex-switching pseudosimilar
vertices.



THE ERDOS-KO-RADO
THEOREM FOR SMALL FAMILIES

Prof. Richard A. Duke
Department of Mathematics

Georgia Tech. University
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Critical m-neighbor-connected Graphs

Prof. Margaret B. Cozzens
Department of Mathematics

Northeastern University



APPLICATIONS AND BACKGROUND

Gunther and Hartnell in 1978 introduced the idea

of neighbor connected graphs to model a spy

network.

The vertices of a graph G are stations or people,

the edges of G represent lines of communication.

If a station is destroyed, the adjacent stations

will be betrayed so that the betrayed stations

become useless to the network as a whole.

Therefore, we want to see what happens to a

network when not only vertices are removed, but

when neighborhoods of vertices are removed.

The ultimate goal is to design networks with high

neighbor connectivity at least cost, so that the

network communications are compromised the least

in attack scenarios.



DEFINITIONS

Let G be a graph with v vertices and 6 edges.

closed neighborhood of u: N[u] = {u} U N(u)

a subverted vertex u: N[u] is deleted from G

G/S: G - N[S] where S is a set of vertices of G

S is a cut-strategy if G/S is empty, complete or
disconnected

G is m-neighbor connected if
m = min{ISj: S is a cut-strategy for G}

K(G) denotes the neighbor connectivity of G

G is critically m-neighbor connected if K(G) = m,
but K(G/{u}) = m-1 for all u E V(G)

G is minimum critically m-neighbor connected if no
critically m-neighbor connected graph with the
same number of vertices has fewer edges than G



CONSTRUCTION OF NEW GRAPHS

Given a graph G, create the collection V G:

(i) Each vertex u of G is replaced by a clique

Cu of order >_ degree(u)

(ii) Cu ard C are joined by one edge if and

only if u1 and u2 are adjacent in G

(iii) Each vertex of Cu is adjacent to at most

one vertex not in C u

EXAMPLE

3 a

/G n-

C
\ /

G in /



Given a graph G, create the collection "'G as

follows:
(i) Each vertex u of G is replaced by a clique of

order _> degree(u)

(ii) Each clique is connected to another
clique through a vertex called the

courier if and only if the corresponding

two vertices are connected in G.

(iii) Each vertex of a clique is connected to at
most one courier.

EXAMPLE

-3

/

G in

xu



THEOREM 1: If G is an m-connected graph

then each member of W is an m-neighbor

connected graph.

THEOREM 2: For any positive integers m and n such

that m > 1 and n !_ m+1, there is a class of

critically m-neighbor connected graphs, each

of which has n cliques.

C,

12

C4C 4 \.9



THEOREM 3: Let m be a positive integer. If G is
minimum critcally m-neighbor connected with
order v and a edges then

[1/2mV)] < F l/2mv V- 1/2mr]

where r is the remainder of v/m.

COROLLARY: If the order of G, v, is a multiple of
m and G is a minimum critically m-neighbor

connected graph then e = [/2mvl.



RELATIONSHIP WITH OTHER PARAMETERS

The neighbor-connectivity number is less than or

equal to the domination number.

K(G) _ 83(G)

Therefore:

1. If a connected graph G does not contain P4 or

C4 as induced subgraphs then K(G) = 1.
2. If a connected graph G does not contain P5 or

C5 or K3+ p as induced subgraphs then

K(G) _ 2.

The neighbor-connectivity number is less than or

equal to the connectivity number.
K(G) _< K(G)

QUESTIONS:
1. When are they the same?

2. What graphs on v vertices maximize both the

connectivity and the neighbor connectivity

simultaneously?



Define the vertex-neighbor integrity of a graph G

to be:
NI(G) = min { IS I + w(G/S)}

where w(G/S) is the size of the largest component
in G/S and the minimum is taken over all cut

strategies S.

3. For fixed v, what graphs on v vertices

maximize the vertex-neighbor integrity?

4. For fixed v, what graphs on v vertices

maximize the vertex-neighbor integrity and the

neighbor connectivity simultaneously?



APPLICATIONS AND BACKGROUND , - . . DEFINTIONS
.... - :b .l i • ',-.,, . Let 0 be a graph with v vertices and e edges. .....:.Gunther and Hartzell in 1978 introduced the 1dea• ':., ... "

of neighbor connected graphs to model a spy/.-. . 1'/. dosed neighborhood of u: N[u] - {u UN(u).
network. .

The vertices of a graph 0. are stations or people, a subverted vertex u: N[u] is deleted from G
the edges of 0 represent lines of communication.

. . G/S: 0 - N[S] where S is a set of vertices of G
If a station is destroyed, the adjacent stations
will be betrayed so that the betrayed stations S is a cut-strategy if G/S is empty, complete or
become useless to the network as a whole. disconnected

Therefore, we want to see what happens to a G is m-neighbor connected if
network when not only vertices are removed, but m - min(ISI: S is a cut-strategy for G)
when neighborhoods of vertices are removed.

K(G) denotes the neighbor connectivity of 0
The ultimate goal is to design networks with high
neighbor connectivity at least cost, so that the G Is critically m-neighbor connected if K(G) -m

network communications are compromiscd the least but K(O/{u}) - m-I for all u = V(G)

in attack scenarios.
G is minimum critically m-neighbor connected if no

critically m-neighbor connected graph with the

same number of vertices has fewer edges than G

. :' ' CONSTRUCTrON' 0F NEW GRAPHS I Given a graph 0, create the collection " G as

* ' .,follows: .

Given a graph G, create the collection VO: (i) Each vertex u of G is replaced by a clique of
order a- degree(u)

(i) Each vertex u of Gs replaced by a clique .oedru
Cu of orde'r 2degree(u) . (ii) Each clique is connected, to another

(ii) Cu and Cu2 are 'joined by one edge if and clique through a v4rtex called the
courier if and only if the corresponding

only if u2 and u2 are adjacent in G . two vertices are connected in G.
(iii) Each vertex of Cu is adjacent to at most (iii) Each vertex of a clique is connected to at

one vertex not in Cu most one courier.

EXAMPLE EXAMPLE

CC

C#

Ci

G inS 0G in X0



THEOREM 1: If 0 is an rn-connected graph
then each member of O is an m-neighor THEOREM 3: Let m be a positive integer. If 0 isthen ec t e r orah, m inim um critcally m -neighbor connected withorder o and e edges then

THEOREM 2: For any positive integers m and n such [iamul S a S f mmu - trm
that a 1 and a m+1w there is a class ofhere r is the remainder of vim.cta m -I ndho on eco+ .tee irps acaso
critically r-neighbor connected graphs, each COROLLARY: If the order of G, v, is a multiple of
of which has n cliques. m and 0 is a minimum critically m-neighbor

C, qonnected graph then a = rlnmvI.

C2 
CG

3 C4

C 2

C''

Define the vertex-neighbor integrity of a graph G
to be:

RELATIONSHIP WITH OTHER PARAivinlidRS NI(G) - min { iS + w(GIS))
where w(GIS) is the size of the largest componentin OIS and the minimum is taken over all cut

The neighbor-connectivity number is less than or

equal to the domination number, strategies S.

Therefore: (G) 3. For fixed u, what graphs on v verticesTherefor(e)
maximize the vertex-neighbor integrity?

1. If a connected graph 0 does not contain P4 or
C4 as induced subgraph then K() - 1. 4. For fixed v. what graphs on v vertices

2. Ifa connected graph 0 does not contain P5 or maximize the vertex-neighbor integrity and the
C. or K3+p as induced subgraphs then neighbor connectivity simultaneously?
K(G) % 2.

The neighbor-connectivity number is less than or
equal to the connectivity -_=be;.

K(O) s K(G)

QUESTIONS:
1. When are they the same?
2. What graphs on v vertices maximize both the

connectivity and the neighbor connectivity
simultaneously?



Cancellation and Consecutive Sets
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Andrew Sobczyk Memorial Lecture

The Local Ramsey Number
and Local Colorings

Prof. Richard H. Schelp
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New algorithms for minimizing
convex functions over convex sets

Prof. Pravin Vaidya
Department of Computer Science

University of Illinois
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and its Application to the
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3 On the Product of the independent
Domination Numbers of a Graph

I and its Complement

I

Prof. Gerd H. Fricke
Department of Mathematics and Statistics

Wright State University
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Containment of Circular-Arcs

Prof. Jeremy Spinrad
Department of Computer Science

Vanderbilt University
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A Fast Parallel Recognition Algorithm

for

a Class of Tree-representable Graphs

Stephan Olariu

Department of Computer Science

Old Dominion University
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Common metrics for "local density"

I
* Complete graph (clique)I

I 0 Cliques with a "few" edges missing

I
0 No "long" paths allowed

* A "few" long paths allowed

I ''long'' path



I
I
I Definition A graph G is P4-sparse if no set of five

I vertices of G induces more than one
P4.

I
I
I
I
I

I
I
I
I
I
I
I
I



Cographs: a class of graphs containing no P4s

P4-reducible graphs: a class of graphs such that every vertex
belongs to at most one P4

Applications: scheduling, computational semantics,

pattern recognition etc.

Cographs Cliques

P4 -reducible graphs

P4-sparse graphs



Definition For every graph G consider the graph
C(G) returned by the following procedure:

Procedure Greedy(G);
{Input: an arbitray graph G;
Output: a graph C(G)}

begin
C(G) = G;
while there exists a P4 in C(G) do

pick an arbitrary P4 uvxy;
pick z at randon in {u,y};
C(G) = C(G)-{z};

return(C(G))
end; {Greedy}

Theorem For a graph G with no induced C5 the
following statements are equivalent:
(i) G is P4-sparse;
(ii) for every induced subgraph H of
G, C(H) is unique up to isomorphism



Consider G1=(V,0) and G 2 =(V 2 ,E 2 ) (Vrn 2=0)

with V 2 = {v}'QKuR such that

* K is a clique.
* Every vertex in R is adjacent to all the vertices in K and

non-adjacent to v.
* There exists a vertex v' in K such that NG2(V)={v') or

NG2(v)=K- { v' }.

Choose a bijection f: V, -- K-{v'} and define

G1 D G 2=(VIUV 2 ,E 2 uE')

with

{xf(X) I XVII whenever NG2(v)={v'j

{xz I xEV 1, ze K-ff(x)}} whenever NG2(v)=K-{v'}

Theorem G is a P4-sparse graph if, and only if, G is obtained

from single-vertex graphs by a finite sequence of operations o, o,



Procedure Build tree(G);
(Input: a P4-sparse graph G=(V,E);
Output: the ps-tree T(G) corresponding to G.)
begin

if M = I then
return the tree T(G) consisting of the unique vertex of G;

if G (G) is disconnected then begin
let G1, G2,..., Gp (p>2) be the components of G (G);
let TI, T2, ...,T_ be the corresponding ps-trees rooted at ri, r2, ...,rp;
return the tree T(G) obtained by adding r1, r2,..., rp as children of a node
labelled 0 (1);
end

else begin (now both G and 6 are connected)
write G = G t (D G2
let TI, T2 be the corresponding ps-trees rooted at r, and r2;
return the tree T(G) obtained by adding rl, r2 as children of a node labelled 2
end

end; (Build_tree)



An example...

G

d

a I b9

K R
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a P4-sparse graph
d

a b

e cb

the corresponding tree

0/



A set C of vertices of G is termed regular if it admits a

partition into non-empty, disjoint sets K and S satisfying the fol-

lowing conditions:

(rl) W=S>2, S stable, K a clique;

(r2) every vertex in V-C belongs to precisely one of the sets:

T(C)={xr V-C Ix adjacent to all the vertices in C);

I(C)={xE V-C Ix non-adjacent to all the vertices in C);
P(C)={xe V-C I x adjacent to all the vertices in K and

non-adjacent to all the vertices in S}.

(r3) there exists a bijection f:S--K such that

either N(x)cnK={f(x)} for every x in S,

or else N(x)nK=K-{ f(x)} for every x in S.

P(C) T(C)

C

K S

~I(C)



Let G = (VE) be an arbitrary graph.

Fact (Regularity is hereditary)
Let C = (K,S,f) be a regular set in G
and let Z be a subset of S with IZJ < IS - 2.
Then C' = C- {x,f(x) I xE Z } is regular

Fact (Containment)
Let C = (K,S,f) be regular. For every pair of distinct

u, v in C with u = f(v) and v 4 f(u), the unique P4 containing
u and v belongs to C

Fact (Black hole property)
A regular set is maximal if, and only if, every regular
P4 containing a vertex in C is included in C

Fact (Separation property)
Two maximal regular sets coincide whenever they
intersect



I
I
I

G
I
I
I
I
I
I
I
I
I
I
I
I The "world "of regular sets

I
I
I
I



Given an arbitrary graph G construct a graph u* as follows:

remove in every maximal regular set C = (K,S,f) all the

vertices in S except for an arbitrary oneI
I

I Theorem For every graph G, the graph G* is unique
up to isomorphism

I
I

Theorem For an arbitrary graph G the following state-
ments are equivalent:
(i) G is P4-sparse;I (ii) G* is a cograph



Algorithm Recognize(G);
{Input: an arbitrary graph G;
Output: "yes" or "no" depending on whether or not

G is P4-sparse}

Step 1. Find all maximal regular sets in G;

Step 2. Compute d;
Step 3. if G is a cograph then

return("yes")
else

return("no")

Step 4. Stop.

I
I
I
I
I
I
I
I
I



I
I
I

Our algorithm:I
I
I
I

O(log n) EREW time using 0 n 2l m n  processors
lg n

I
I

What we do:I
I

I O recognize P4-sparse graphs;

I
I construct the corresponding tree



The Algorithm

* The EREW model of computation is assumed;

* G is an arbitrary graph represented by adjacency lists;

* for every vertex x, assign one processor to every entry on the
adjacency list oI" x;

* the vertices are enumerated as v ,v 2' 0609 v in a way that
will be explained later;

* sets will be represented by their characteristic vector;

* computing the cardinality of a set takes O(log n) time
using O(n/log n) processors;

given sets S, S' of vertices of G, computing S-S',
SuS', SnS', as well as testing S=O, S-S' takes
O(log n) time using O(n/log n) processors;

* to compute N[x] we need O(log n) time and
O(n/log n) processors.



Processor assignment:

* for every x of G, every entry on the adjacency list of x
receives one processor;

* every edge e i(i=l,2,...,m) receives 1+ Fn/log n] processors

P( ei, 0), P(e i, 1), ... P(e i, m)

Note: the total number of processors is bounded by

mn
o()

log n

How do we find a regular set?

N =N[u]-N[w] N = N[w]-N[u]
uw wu

u w



N =N[v]-N[w] N =N[w]-N[v]VW WV

V w

Fact The edge vw is the midedge of a regular P4 in G
only if IN I =IN I = 1, and uz V E with
u, z standing for the unique vertex in N andvw
N , respectivelyWv

* For every edge e =vw the sets N and NVW WV

can be computed in O(log n) time as follows:

* N[v] will be broadcast to all dG(v) edges incident
with v.

I N[w] will be broadcast to all dG(w) edges inci-
dent with w.

n mn
Note: Total number of processors O(- d (v)) = O( )

log n G logn



Procedure FindRegular_P4s(G);
0. begin
1. for every edge e=(v,w) of G do in parallel begin2. NV ,--N[v]-N[w'-;

3. Nwv(--N[w]-Nlv!;
4. if Nj Nw,,1 then (let Nw=(u), Nv=(z), U={u,v,w,z))
5. if uzc E then begin
6. for all the vertices x in V-(u,v,w,z) do in parallel
7. if x4T(U)uP(U)uI(U) then
8. some processor P(ei,t( O)) writes a "I" in its own memory;
9. if no "I" was written then P(ei,0) does the following
10. - remembers (u,v,w,z};
11. - flags itself
12. end (if)
13. end ( for)
14. end; {Find_Regular_P4s)

Fact Procedure FindRegular_P4s correctly computes the set of all the regular

n2+unPas in G in O(log nz) EREW tiWne using O( ) n rcsos



More terminology...

u z

regular P4

v w

Assume u = v. and z = vk with j < k

u is local "loser"

v is local "winner"

0 Each flagged processor P(i) writes the identity of the lo-
cal loser and winner into A[i] and B[i], respectively
(A and B are one-dimensional arrays of m elements ini-
tialized to 0)

* Sort all non-zero entries of A and B and remove duplicates:
this takes O(log n) time using O(m) procesors

* Construct a bitvector L: bit i of L is set to 1 iff v is a local loser
((This takes O(log n) time and O(n/log n) processors)



More terminology...

U z

regular P4

v w

* An endpoint u of a regular P4 is called a global winner
if the bit corresponding to u in L is 0

* To record all the global winners we construct a bitvector
W using the information in the array B;
(This takes O(log n) time and O(n/log n) processors)

* W = W - L (this is the set of all global winners)

0 Every flagged processor corresponding to a global winner
is referred to as essential



Procedure FindWinnersandLosers(G);
0. begin
1. A[I:mI*-BI1:nil--0;
2. L(--W--0;
3. for every flagged processor P(i) in parallel begin
4. A[i]-- local loser corresponding to el;
5. B[iJ-- local winner corresponding to ei
6. end; {for)
7. let A[1], A[21,...A[kJ be the non-zero entries of A

in sorted order with all duplicates removed;
8. let B[l], B[21,...B[lJ be the non-zero entries of B

in sorted order with all duplicates removed;
9. for all i*--I to k do in parallel
10. set the AliI-th bit of L to 1;
11. for all i*- to I do in parallel
12. set the Blil-th bit of W to 1.
13. W(--W-L; (find global winners)
14. broadcast W to all the processors P(i);
15. for every flagged processor P(i) in parallel
16. if the local winner of e i is in W then
17. P(i) does tile following:
18. - remembers that its local winner is a global winner;
19. - marks itself as "essential"
20. return(L,W)
21. end; (FindWinners andLosers)

Fact Procedure Find Winners and Losers correctly computes the set of all the

mn
global winners and losers in O(log n) EREW time using O( ln ) processors.

log n



Procedure Construct SK(G);
0. begin
1. let wI, w2, ... , w_ stand for the global winners;
2. for i--1 to p do in parallel
3. if processor P(i) is essential then begin
4. processor P(i) sets to I the bit of Si cooresponding to wi;
5. let P(il), P(i2), ..., P(iti) (1 i<p) be the

essential processors whose local winner is wi;
6. for j<--I to ti do in parallel
7. processor P(ij) sets the k-th bit of Si with

Vk standing for its local loser;
8. processor P(il) broadcasts to P(i2), ..., P(iti)

the identity of the two midpoints it stores;
9. for j<--2 to ti do in parallel
10. processor P(ij) marks the midpoint it stores coinciding

with one of the midpoints received;
11. for j(--1 to t i do in parallel
12. processor P(ij) sets to I the bit of Ki corresponding

to its unmarked midpoint;
13. ri --- 6Ni i
14. if N(wi)(Kill then
15. fi(wi)+--- the unique vertex in N(wi)r)K i
16. else
17. fi(wi)(-- the unique vertex in Ki-N(wi)
18. end; {if)
19. return(SK(G))
20. end; (Constnict SK)

To summarize our previous discussion, we state the following result.

Fact Procedure ConstructSK correctly computes the information in every

SKIi] (I!i<_p) in O(log n) time using O( ) processors in the EREW-PRAM

log nl
model. 0]



Procedure Recognize P4sparse(G);
(Input: an arbitrary graph G,E) with M'A=n and PJ-=m;
Output: "yes" or "no" depending on whether or not G is a P4-sparse graph;)
0. begin
1. Find Regular P4s(G);
2. Find-Winners and Losers(G);
3. using the info-mation contained in L construct the graph G%
4. if Cograph(G ) then
5. return("yes");
6. return("no")
7. end; (RecognizeP4sparse)

Ti eorein Procedure Recognize_P4sparse correctly determines whether an

arbitrary graph G=(V,E) with An and iEm is a P4-sparse graph in O(log n)

time using O( ) processors in the EREW-PRAM model.
log n



Constructing the tree representation of P4-sparse graphs

0 T(G), the cotree of the reduced graph G*is available
as a byproduct of Cograph(d)

* for convenience we enumerate the maximal regular sets as

1 1 ( f C2 = (K2,S2,2), ... , Cp= K

* at the end of the successful recognition of a P4-sparse
graph G, the relevant information about G is stored
in the tuple (T(G),SK(G))

What is SK(G)??



* We can think of SK(G) as a 1-dimensional array such
that ,[i] contains the following infortnatioi

* characteristic vectors of K and S.
I I

I the identity of the unique vertex w. in S. that belongs
to G*

N the identity of f.(w.)
1 i

* r =IKiI= I Sil

Let w, w , ..., w be the global winners as recorded in W

* To compute Si every essential processor whose local winner
is wi sets the j-th bit of S i, with j standing for its local
loser



I

• To compute K. we do the following

I In O(log n) time identify the subset P(il),
P(i), ..., P(it) of essential processors

I whose local winner is vw,,]

0 Processor P(i1) broadcasts to P(i2,..., P(iti )

the identity of the midpoint it has rememberedI
I Every processor P(i) marks its own midpoint

coinciding with the one received by broad-

casting

* Every processor P(I) sets to 1 the bit of K
corresponding to tlde unmarked midpoint
it stores



P-Iuci.du, c Faralici Buid_psiree(G);
(Input: a P4-sparse graph represented as (T(G),SK(G))
Output: the corresponding ps-trce T(G), rooted at R;)
0. begin
1. for every essential processor P(i) do in parallel begin
2. create a 2-node 3;
3. create a 1-node y,
4. add y as a child of P;
5. add X as a child of y,
6. if ri=2 then begin
7. add the unique vertex in Si-(wi} as a child of 3;
8. add f:(wi) as a child of y
9. end
10. else begin
11. create a 0-node cc;
12. add cx as a child of 13;
13. add all vertices in Si-(wi} as children of cc;
14. if wi is adjacent to fi(wi) then
15. add fi(wj) as a child of y
16. else
17. add all vertices in Ki-f({wi}) as children of y
18. end; (if)

19. if d(X')#,(wi)rKi[+l then
2(). add 13 as a child of ?'
21. else begin
22. add 3 as a child of p(?.');I 23. delete '
24. end [if)
25. end; (for)
26. if d(R)=l then R -- unique child of R;
27. return(T(G))
28. end; (BuildpsTree)I

Theorem Procedure ParallelBuild_psTree correctly constructs the ps-tree of

a P4-sparse graph G=(V,E) witz tV=n and =tni in O(log n) EREW time using

0( ) processors.
log nI

I



Common metrics for "local density"

A Fast Parallel Recognition Algorithm 0 Complete graph (clique)

Ifor 0 Cliques with a "few" edges mi. ing

a Class of Tree-representable GraphsI No "long" paths allowed

19* A "few' long paths allowed

I Slepha O1anu

Deparhment of Computer Sciencepp

Old Dominion University

"'Ong" path

ICographs: a class of graphs containing no P4s

Definition A graph G Is P4-sparse if no set of ive P4-reducible graphs: a class of graphs such that every vettex

vertices of G induces more than onebeogtoamstneP
P4.beogtoamstoe4

Applications: scheduling, computational scmant~cs,I pattern recognition etc.

ClqeIorph 
~

P4-euibegah
I4-pAsegah



C o n sid e r G 1 (V I,) an d G 2 -( V 2 . E 2) (V ln V 2 -0 )

Definition For every graph G consider the graph with V2 - (v) iK-iR such "'W

C(G) returned by Ihe following procedure: * K <vW.It..2

Kis 

A 
Clique.

Procedure G reedy(G); • Every vertex in R is adjacent LO all the Vertices in K od
(Input: an arbitray graph G; non-adjacent go v.

Output: agraph C(G)} do Tlicre estis a verax v' in K suchi that Nc,(v)=(V') Or

I 

(g)-G 

Nc,(v)=K-(Y'].

while there exists a P4 in C(G) do Choose a bijection f: V, -4 K- iv'j and define
picK an arbitrary P4 uvxy;

pi tranC(G 

intI)
C(G) - C(G )}; 

with
end; G rd 

{xf(x) I xeV ) whenever Nc,(v) =iv' ]end; xz I xeV,, zeK- f(x)]] whenever 
NG,(V)=- 

{V "]

following statements are equivalent: Theorem 0 is a P4-sparse graph if, and only if, G is obluined

(ii) G o r i de s uhghe;o 

from single-vertex graphs by a finite sequence of uperalion a, o.(i) G is P4-sparse;

G, C(i ) is unique up to iso orphism - pI
I
Io

An eample-

I. 
dProcedure Build lreeuG);

(input a P4-spar- graph G-(V,E);I ,It V.ps-I T(G) orresponding to G. c

Sreu n m 11 't re e T(G ) c o blislin d by i rling O r 1  rh ve rr oo G ; nabelled 0 (1eni ) in dinsconnected Illen begin na
let .T( be 0 . (orc e t hi com ponents of G (i F);

lt¢ TI. T2, .. ,Tp be [hec €ncsPOnding Ps-UcS tooled at fl, ..r

ehle begin I ow bot G and C am connected)

write G - (31 m G., 

(G~},P

let TI, T2 b tI 
€on'spotiding 

ps-trecs 
ooted at r, and rz;renun the ufe T(G) obtained by adding rl. r2 as children of a node labelled 2

end lBuilduaej 

((a jQ(a',b',c'14d ,(ahsb',a'C adb'dc'JI)
2V V

1

K R

I
I
I
I



An example-A set C of verices of G is terniell regular if it JalmiLS a

partiton int non-crroply, disjoint sets K and S satisiyig uie fol-

lowing eonditions:
C (ri) KJ-2. S stable, K a clique;

a N-a- -ph(r2) every verit. in V-C belonigs to precisely uni: .1 ii sis:

a pJ T(C)=lxe V-C I x adjacent t ial ihe MeLICCS III C1

l(C)=(xrz V-C I x non-adjacent lo all lhe yiails Ili C);
P(C)=(xe V-C I x adjacent to all tlie veriCeS Ii K andii

ab, non-adjacent to all the vertices in S I.

0 (63) U.ie exists a bijection f:S--*K such that
a b either N(x)rQK=If(x)) for every x in S.

or else N(x)CsK=K-Jf(x)) for every xIi S.

NOC T(C)

7 C

b d K

~ 1(C)

Let G N, (E) be an arbitrary graph.

G

Fit (Regultriry is hereditary)
Let C- (K,S,fl be a regular set In G
and let Zbea subsetogiSwilh IZI < Sj 2.
Then C' -C- {x,f(x) Ix c Z ) is regular

Fact (Containment)
Let C=(KS, be regular. For every pair of distinct

u, v in C with U~q (W and v 4f(u), the unique P4 containing
u and v belongs to C ,

Fact (Black hote property)
A regular set is maximal If, and only if, every regular
P4 containing a vertex in C is included in C

The "world "of regular sets

Fact (Separation property)
'IWo inaxisniat regular sets cuincide whenever they
intersect



I Given an arbitrary graph G construct a graph C as follows:

remove in every maximal regular set C = (K,S,f) all the Algorithm Recognize(G).
{Input: an arbitrary graph G;

vertices in S except for an arbitrary one Output: "Yes" or "no' depending on w hethcr or notI 0G is P4-spisrse}

Step 1. Find all maximal regulir sets in C,;

I Teorem For every graph G, the graph G*is unique Step 2. Compute d:

up to isomurphism Step 3. it G is a eagraph then
return("yes")

else
return('no")

Step 4. Stop.

Theorem For an arbitrary graph G the following state-
ments are equivalent:
(i) G is P4l-sparse;,
(ii) C is a cugropla

I The Algorithm

Our~~ Thortm:'e EREW model of computation is assumed;

* G Is an arbitrary graph represented by adjacency lists;

* for every vertex x, assign one processor to every entry on hI adjacency list of x;

O~o )EE ieusing 0(n- mn 0 the vertices are enumerated as v I,~ inawyta

proUKsor will be explained later;

* sets will be represented by their characteristic vectur:

What we do: * computing the cardinality of a set takes 0(log n) timeI using O(n/log n) processors;

* given sets S, S' of vertices of G, computing S -S',
SuS', SnS', as well as testing S =0, Sr-S' takes

* recognize P4-sparse graphs; O(log n) time using 0(n/log n) processors;

* to compute NtxI we need O(lug n) tine and

* construct the corresponding tree O(n/log n) processors.



Processor assignment:

* for every x of G, every entry on the adjacency list of x
receives one processor;

" every edge e.(,i,..) receives iJ. fnl ni processors v~~~i.N]N~~INv

P( e.r 0), P(e., 1), - P(e r in)

Note: the total number of processors is bounded by V

How do we find a regular set? Fact The edge vw is the midedge of a regular P4 in G
only i IN j =IN w j=, and uz Ew NI

N ~u, z standing for the unique vertex in Nv alld
Nw~~u1N~w NV INw-u ~respectively

0 For every edge e =vwy the sets N vwand N w

I P can be computed in O(log n) tinie ats Ibl1lows.

u w * N~vJwill be broadcast to all dGdw) edges inci-en

0 N[VJ will be broadcast to all ddv) edges inciden

7. if nj I(U).d'IU).I(U) tand wit =~W ihk

Mor triologyiner

Prucedt PiodeuaPiU 
regul ~ d, , a ch ge rcso ~)witsteiett fte

1. Sort evll nonzer entie I1 A~ an of an reoo inuPralelegi

(i, fo al te vnies i V-U.,W~l o i pthi Asm tae v.l an t ime ussg(j < r k ur

9* iostuf an bico I- bit irte the LO is tet toloin u Is loa "sloloaleos"
(l0hi takeslibe Olo n im'nd O nioZn ro e so



Marc terminology-.

regular P4 Prucedure FdWiiersaodoscrs(C;.

I. Ailm~i "I :ni).-0;
2. La-W ";i

v w3. for every fl g9eij processor PWi in parallel begins
4. Alit 16a- Ic loser curmsptatillg to c,;
5. Blla local winner comrspon tig toec,
ft. cad; j fur I
7. let A(lli. A121....A[ki be the son-zero entries of A* An endpoint u of a regular P4 is called a global winner in started order wil& all duplicates retoioved;

ifrthe bit correspondiung to u in L isO 0 . let OII 1l21..Bll be tle nion-meo eties of 0
i's sorted Older with all duplicateS rettioved;

9. fuar all a- I so k douit paalleil
10. set thle Aljl-th bit of L to 1:
It. fur all ia-I to I tlu int parallel

* To record all the global winners we construct a bitvector 12. set tle Uli1ih lii of W to 1.
W uingtheinormgiw inth oray l~13. Wo--l. (tind globttl winnecrs)
W uingtheinfrmaionin he rra H;14. broadlcast W to all tie provessors P(i);(This takes O(log n) time and O(nilog n) processors) fur it~ lireulcal tnn r ii. tWLhCH

M7 P1(i) does liw followinig:
Is. reiteatibers that its local winner is aglobal wintner.
19. arks itself as 'eraniwl'* W a W - L (this is the set or all global winners) 20. retum(L.W)
21. end; (FindWinners and Losers)i

F~act Pracedive Find Wibujcrs and-ltasCrj correc-tly convitutes the jet of all ;tc

* Every nlagged processor corresponding to a global winner global winners andi tours in 01 log n) CREW lilie sting Of 'm ) ptrocezrors.
is referred to as essntial log it

l
t
ruaardure CoontwI-SKLJ);
0. begin.
I. let wi, w-2 . .. w, SL"n for die global winners;
2. fur ia-I to p do in parallel
3. if prOCsso Pi') is essential then begin.
4. peOCessOr PMt sets to I the bit of Si coorespanding to ReOiizPfprs(
5. let P001, P112)...POIJ~ (lSiSp) be the Procedure RcgieP~pas()essential Ptocelsue Whose local wititter is W1; I Input: an abitrary grilplt G C) withdit aisd Li6m;6. (tor ja- I to I, do Ini parallel Output: y" O" deittie on whte rntGi aP-pregah7. fuocesso l(ij) Sets tile litli bit of Si with 0. begitae r10 Pnigo hte o o saP-pregah

vk staitdiag (fo its igaja loser. 1. ruid Regular P4stC,)
S.MI Mrcso 'il) broatdcasts to ll(i2)...Pit) 2. lHiiiCWiititersaid UaserstGJ

tike idenraity of the two maidlpocints it stores; 4. "Ait ltlilO")Z'an4 olteit i onvc tegap9. fur pa-2 to a, do it parallel 4. i t rir(G e n
10. Itrocsat P(ij) ittarks lie miditpoinit it stores coinciding 6. etrn(*no'lII. ~~will, onei of thle t1iiapoittis reacived; 7 n:IRcgiePsas
11. for ji-l to t, du itt parllet. n: RcgnzPlpas

12. PtocCSSIV V(ij) Sets io 1 the bit of K1 corresponding
to ias uttinarlted ttsdpiiit; Tlteurea PrOcedwic RecogizeP~~.s ~r~l ttnnst-i.'r13. r-~s Pl~recretydtrae

14. fl I(wkl- the ne aeszi ~~~ rbitrary grapt, Gqv,E) w.th tIl6ii and lkjmrn ts a Pa'sthirte graphitn ~ o

17. f,(wj#a- tile uiiiuae rttex in K,-N(wi) mtitloan Ofiti 0) ItitssiirJ in 'lit ERElWl'llAa 10ir.
Ill, end; (if) ogi
1I). retumntSK(G))
20. miad; (Cosiaict SKI

Tro tuiiuntrize our previous discussion,. we statc ite following resuIl

Fact Pruccii,. Cistriit.,SK varrezty calottiles tile iiifotgnralion in every

SXII (11t~fpj itt 000o6 t) hole talIg Of-22) proceuso.; intflie E.REWVPRAM
log n

modelc. C3



Constructing the tree representation of 4-sparse graphs 0 W a h n fS ( ) a -i e solla r ys c

that Slij contains the followinig informatiun
0 T(G), the cotree of the reduced graph G"is Available I characteristic vectors of X and S.as a byproduct of Cograpg(C) 

I

2 the identity of the unique vertex W it) 8 that Ii* for convenience we enumerate the maximal regular sets as toGI

C1 ; C..Sr~ a ~ ) the identity of r (w)

* at the end of the successful recognition of a p4 sparse * r, K SOJgraph G, the relevaznt information about G is stored
in the tople (T(G),SK(G))

Let w, w , w be the global winners as recorded in W

What is SK(G)?? 0 To compute S Ievery essential processur wilose local ivlner.

is w, sets the j-th bit of S 1 , with j standing for its local
[user

* To compute ICI we do the following Plmcedure Psalct 13uiWps Te(G);
Oft""': ~a P4-pase 5raph relicscied as (T(G),SK(G))

" In O(log n) time identify the subset P(iy, 2. eat . o Pi oi arle ei

whs Proco nne brics o 3.1 .. create a ~ lw I-noS T.l ow~~li 4 a~~~dd a hl f0
midpoin it hX remembered of

IG create a O-oca;~~~~~I with th one reeie byil brad I0; f" Every processor P(j) marks its own midpoint 13. add ail verlaces in Si-lw,J is children uf is;

add t~wJadd all venices in Ki-((l wjl))achlrn I

19. 1td.t4w~rK. (licit" Every processor P(L) sets to I the bit of K 1  0. MW A 3 Cil oncorresponding to tlle unmarked midpoint 22L cif becgin o pXit stores 
23. delete V

27. rctun(T(G))
29. eold; IDuildjisTrec I

TheoreM PfoCtdiiIIc Parallel Daddjis ree currecily consiruci ihe ps*-irre of
a P4-sparse g~raphs C=tVEj witlhu -,,aI ILn,, i fu i, EREIV iinte asing

log n
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